Proof. Let F be a field extension of K which is algebraically closed and with the cardinality of F bigger than that of A. By Lemma I. 5.3, K ι [A] satisfies a multilinear polynomial identity of degree n and hence F ι [A] = F® K K* [A] also satisfies this identity. Now F* [A] has a unit element by Lemma 1.1 and thus F* [A] has an irreducible representation p. Then p (F t [A\) is a primitive Falgebra satisfying a polynomial identity of degree n and hence by a LINEAR IDENTITIES IN GROUP RINGS, II 487 theorem of Kaplansky ( [14] , Th. 6.3.1) ρ(F' [A] ) = D m where D is a division algebra over F and m ^ n/2. Now F is algebraically closed and ά\m F D ^ cardinality of A < cardinality of F and hence by Lemma 1.3 we have D = F. We choose a fixed isomorphism and write p(F* [A] ) = F m . Let tr denote the usual trace of a matrix in F m .
Let Z = {xeA\x is central in if^]}. Then by (*) and Lemma 1.1 we see that Z is a subgroup of A and i^ [Z] is central in K* [A] .
Let a eA-2. Since x is not central in K ι [A] we conclude that for some ye A, x and y do not commute. Since A is abelian we then have by (*), y~ιxy = αx where αe iΓ S F and α ^ 1. Thus
Since similar matrices have the same trace we obtain Proof. Let P be a prime ideal in E. Then E/P is a prime ring satisfying a polynomial identity of degree n and hence, by a theorem of Posner ( [14] , Th. 7.3.2), E/P g (F P ) m where F P is a field depending on P and m = [n/2]. Since E is semiprime it follows easily that E g R m where R is the commutative algebra Π P F P .
Thus clearly E° s i? m also and 2* Weak polynomial identities* Let E be an algebra over K A generalized polynonomial over E is, roughly speaking, a polynomial in the indeterminates d, ζ 2 , , ζ n in which elements of E are allowed to appear both as coefficients and between the inde terminates. A precise definition appears in [13] . We say that E satisfies a generalized polynomial identity if there exists a nonzero generalized polynomial /(Ci,ζ 2 , >ζ Λ ) such that f(a 19 a 2 ,.. ,a n ) = 0 for all a 19 a 2 ,---,a n eE. The problem here is precisely what does it mean for / to be nonzero. For example, suppose the center of E is bigger than K and let a be a central element not in K. Then E satisfies the identity /(ζ L ) = aζ x -ζ 1 a but surely this must be considered trivial. Again, suppose E is not prime. Then we can choose nonzero a, β e E such that E satisfies the identity /(d) = (xζ x β and this must also be considered trivial. We avoid these difficulties by restricting the allowable form of the polynomials.
We say that / is a weak polynomial of degree n if Thus x e C 0 (yi)gij. We have therefore shown that for all # € if -S we conclude from the above that
Thus clearly α^ + α 2 /9 2 + + 0:^4 = 0.
Finally, let yeH. Then for all xe H -Sy~x we have
Since S?/" 1 has the same form as S we conclude from the preceding paragraph that
Since y e H was arbitrary, the result follows.
As an amusing corollary of this lemma we have Then T x -S n , T n+1 = {1} and T, is just an imbedding of S w+1 _i in S n Define the weak polynomials /} of degree w + 1 -j by
Thus Λ = / and
is a nonzero constant function since
be the set of monomial polynomials obtained as follows. For each σ we start with and we modify it by (1) deleting some but not all of the ζ<; (2) replacing some of the a itO by θ(a itσ ); and (3) replacing some of the a i>a by 1. Then ^ consists of all such monomials obtained for all σ e S n and clearly ^f is a finite set. Note that ^/S may contain the zero monomial but it contains no nonzero constant monomial since in (1) we do not allow all the ζ* to be deleted. and the induction step is proved. In particular, we conclude for j = n + 1 that either / Λ+1 = 0 or there exists μe^£^+ ι with Suppμ Π Δ Φ 0. However, / w+1 is known to be a nonzero constant function and ^C +1 S {0}. Hence we have a contradiction and we must therefore have Let Z be the subgroup of A generated by the Supp β' a for all σ. Then Z is a finitely generated subgroup of if' Π C. Since iί centralizes C it follows that Z is central in H. Since Z is finitely generated it follows that there is a finitely generated subgroup R X^H with Z S iϊ"ί. By Lemma I. 2.2 iίj is finite and hence Z is a finite central subgroup of if.
Let F be the algebraic closure of K. It is interesting to note that, in contrast to Theorem I. 9.4, the degree of the weak polynomial indentity does not play an important role here. For example, in the proof of (i)=>(ii) above a weak polynomial was obtained whose degree was independent of | Δ r |. Thus I Δ f I cannot be bounded by a function of the degree. The same is true of the index [G: Δ] as the following example indicates.
Suppose that G = AH where Δ is abelian, H is finite and | H \ Φ 0 in K. For example, we could take G = Z\Z n where Z is infinite cyclic and Z % is cyclic of order n. Set 1 v
£1 xeH
so that e is an idempotent in K[G\. If heH then he = e and thus eK [G] 
and we set ζ^ = xy*. Consider the σ monomial evaluated here. We have We will need the following few facts on locally finite groups. (ii) Let M be the subgroup of G generated by all locally finite normal subgroups of G. Then M is locally finite and G/M has no nonidentity finite normal subgroup.
Proof. (i) Let H be a finitely generated subgroup of G. Then HN/N is a finitely generated subgroup of G/N and thus
HN/N~H/(HfλN)
is finite. Since H is finitely generated and [H: HΓ) N] < oo we see that HΠN is finitely generated by Lemma I. 7.1. Thus HnN is finite and this result follows.
(ii) Suppose N t and N 2 are locally finite normal subgroups of G. Then N λ N 2 is normal in G and N^JN, ~ ΛΓ 2 /(Λ/Ί Π N 2 ) is clearly a locally finite group. Thus by (i) above N t N 2 is locally finite. By induction we see that any finite number of locally finite normal subgroups of G generate a locally finite group. Since any finitely generated subgroup of M is contained in the group generated by a finite number of locally finite normal subgroups we see that M is locally finite. Let H/M be a normal subgroup of finite order in G/M. Then H is normal in G and H is locally finite by (i) so H = M and H/M = < 1 >.
There are a number of interesting characteristic subgroups of G which are related to the question of K [G] being prime or semiprime.
Let £? be the set of normal subgroups N of G such that K[G/N] is prime. By Theorem I. 2.5 this condition is independent of the field K and in fact N e S^ if and only if Δ{G/N) is torsion free abelian. Set
hen Ω is clearly a characteristic subgroup of G.
Let p be a prime and let S% be the set of normal subgroups N of G such that K[G/N\ is semiprime for some field K of characteristic p. By Theorem I. 8.6 this condition is independent of the field K and in fact Ne S^ if and only if Δ(G/N) has no elements of order p. Set
Then Ω p is clearly a characteristic subgroup of G.
Let O P '(G) denote the subgroup of G generated by all elements of order a power of p. 
Proof. We start with a simple observation. Let N Ξ2 H be normal subgroups of G. Let x = xH be an element of order k in Δ(G/H). (ii) The proof here is the same as (i) except that we let x have order a power of p and we apply Theorem I. 3.1.
(iii) Let M be the subgroup of G given in Lemma 5.2. ii. Then G/M has no nonidentity finite normal subgroups so by Theorem I. 2.5., Jlίey. Since Ω Q M and M is locally finite, this result follows.
(iv) Since any prime ring is also semiprime we have S* £ Sζ and hence Ω p S Ω. Thus by (iii) Ω p is locally finite. Let N = O V '{Ω P ) so that N is also normal in G. Since Ω p is periodic we see that Ω p /N has no elements of order p. Let xN be an element of order p in J(G/N). Then xΩ p is an element of order p or 1 in J[G/Ω P ]. Since K[G/Ω P ] is semi-prime for any field K of characteristic p by (ii), Theorem I. 3.6 implies that xΩ p has order 1 so x e Ω p . Since x p e N and Ω p /N has no elements of order p we conclude that xe N and xN has order 1, a contradiction. Thus A{GjN) has no elements of order p and Ne S% by Theorem I. 3.6.
Hence Ω p S N so β p = iV = O^(^). Finally Ω p ^ Ω implies O p/ (Ω P ) S O*'(i2) and the result follows.
It is not necessarily true in (iv) above that Ω p = O p '(β). Let q be a prime distinct from p and let A be an infinite elementary abelian q group. Set G = A (g), Z p , the semidirect product of A by Z p , the cyclic group of order p, where Z p acts on A by permuting a basis in cycles of length p. Clearly A = J(G) so by Theorem I. 3.6 we have Ω P (G) = <1>.
If ΛΓ is normal in G with iΓ[G/iV] prime then by Theorem I. 2.5 we must have N 3 A. Then G/N is finite so G = ΛΓ. This shows that i2(G) = G and hence O p '(β) ^ Ω p in this case.
6. Solvable subgroups. Probably the chief stumbling block in obtaining characteristic p analogues of Theorem 5.3 of [7] has been the use of Jordan's theorem on complex linear groups in its proof. In this section we offer a simple argument which can be used instead of it in characteristic 0. In addition we announce an appropriate analogue in characteristic p and we indicate some interesting consequences. Proofs of the latter results require a complete reformulation of the pertinent parts of [7] from a character-theoretic to a moduletheoretic point of view and they will appear elsewhere.
